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Abstrat
We observe that any onneted proper Lie groupoid whose orbits have odimension at
most two admits a globally eetive representation on a smooth vetor bundle, i.e. one
whose kernel onsists only of ineetive arrows. As an appliation, we dedue that any
suh groupoid an up to Morita equivalene be presented as an extension of some ation
groupoid G⋉X with G ompat by some bundle of ompat Lie groups.
Motivation
A typial problem in the theory of Lie groupoids is to deide whether a Lie groupoid an be
redued, up to Morita equivalene, to a ertain standard formfor instane to a translation
groupoid G⋉X for some smooth ation of a ompat Lie group G on a manifoldX . Problems
of this sort are usually alled presentation problems in the literature [4℄. The importane of
this kind of question is self-evident, as, onventionally, the standard form groupoids one has
in mind are always familiar and well studied mathematial objets.
For proper Lie groupoids, being Morita equivalent to a translation groupoid for some
ompat Lie group ation is, in general, a severe restrition. In fat, Lie groupoids of fairly
simple type like bundles of ompat Lie groups over a onneted, ompat manifold may
fail to have that property; a standard example an be found in [9, 2.10℄. However, when
one is only interested in the eetive geometry of proper Lie groupoids, i.e. in the study of
the global properties of the anonial ation of these groupoids on their own base manifolds,
it may be reasonable to see whether less stringent presentability problems are solvable in
greater generality. For instane, one might ask whether, taken for granted the admissibility
of fatoring out any ineetive subbundle of a proper Lie groupoid, it would be possible in
general to get a quotient Morita equivalent to a translation groupoid for some ompat Lie
group ation (an isotropi arrow of a Lie groupoid is said to be ineetive if its innitesimal
ation on the normal spae to the orresponding orbit is trivial; the preise denition is given
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in 1 below). More preisely, onsider the following problem: given a proper Lie groupoid G,
nd a short exat sequene of Lie groupoid homomorphisms
1 → K →֒ G
pi
։ G ′ → 1 (1)
where π is a surjetive submersion idential on the base manifolds, so that (a) K is an inef-
fetive subbundle of G, and (b) G ′ is Morita equivalent to an ation groupoid G⋉X for some
ation of a ompat Lie group G on a manifold X . (The rst property is atually implied
by the seond one; ompare [9, Lemma 4.6 and Prop. 4.1℄.) Of ourse one should like the
quotient G ′ to dier as little as possible from the original groupoid G, so one might rene the
problem by requiring of the epimorphism G ։ G ′ the following universal property:
G
∀ ϕ
((P
PP
PP
PP
PP
PP
PP
PP
P
pi
// // G ′
∃ ! ϕ′




H
(2)
for eah Lie groupoid homomorphism ϕ into a Lie groupoid H that is Morita equivalent to
a translation groupoid H ⋉ Y for some ompat Lie group ation H  Y . However, one an
show that if at least one sequene (1) an be onstruted then, when the orbit spae of the
groupoid has nitely many omponents, there is also some sequene for whih the universal
property (2) holds. In the present paper we intend to point out a simple suient ondition
for the solvability of the above presentation problem (under some reasonable hypothesis e.g.
onnetedness of the orbit spae), namely, that the singular foliation of the base manifold
of G given by the G-orbits be of odimension at most two. It is our hope that the study
of presentation problems like (1) will pave the way to lassiation results for proper Lie
groupoids in the spirit of [6℄.
A standard result in the representation theory of Lie groupoids states that a neessary
and suient ondition in order that a proper Lie groupoid G may be Morita equivalent to
a translation groupoid G ⋉ X with G ompat is the existene of a faithful representation
̺ : G → GL(E) on some vetor bundle E of onstant rank over the base of G (the reader
an nd a proof in [8, Setion 5℄). Similarly, in order to nd a solution to the presentation
problem (1) for G, it will be enough to onstrut an eetive representation of G on some
vetor bundle of onstant ranka representation being eetive when its kernel is ontained
in the ineetive subbundle of G. Other problems related to the existene of spei types of
representation for a generi proper Lie groupoid originate from the duality theory developed
in [9℄. Let us all a proper Lie groupoid G parareexive when for eah base point x there
is a representation whose kernel at x is ineetive; also, all G reexive when the analogous
ondition obtained by replaing the word `ineetive' with the word `trivial' holds. We have
at present no ounterexamples to any of the following statements:
(S1) Every proper Lie groupoid is parareexive.
(S2) Every proper Lie groupoid admits an eetive representation on a vetor bundle of
onstant rank. Equivalently, every suh groupoid an up to Morita equivalene be presented
as an extension of some ation groupoid G⋉X with G ompat by some bundle of ompat
Lie groups.
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(S3) An arbitrary onneted proper Lie groupoid is reexive if, and only if, it admits a
faithful representation on a vetor bundle of onstant rank (equivalently: if, and only if, it is
Morita equivalent to a translation groupoid for some ompat Lie group ation).
In fat, (S3) is an immediate orollary of (S2) in the onneted ase. If ounterexamples
to (S1) exist thenas we are going to show in the present paperthey ought to live in base
dimensions greater or equal to three. Even in odimension two, we do not know whether (S2)
holds for a groupoid with innitely many onneted omponents.
1 Preliminaries
We assume that the reader has some familiarity with the general theory of Lie groupoids, at
the level of let us say Chapter 5 of [7℄.
We start by realling the notion of ineetiveness for isotropi arrows of a Lie groupoid.
Let G be an arbitrary Lie groupoid, X its base manifold, and x ∈ X a base point. For eah
arrow g ∈ Gx in the isotropy group of G at x one obtains a well-dened linear automorphism
of the spae NGx = TxX/TxOx of all tangent vetors perpendiular to the orbit Ox = G · x
by rst hoosing an arbitrary loal bisetion σ : U →֒ G, t ◦ σ : U
∼
→ U ′ with σ(x) = g and
then taking the quotient linear map indued on NGx by the tangent map Tx(t ◦ σ). In fat,
one obtains a ontinuous representation of the Lie group Gx on the vetor spae N
G
x, whih
we shall denote by µx. When g belongs to Kerµx, one alls g ineetive.
Let ̺ be a representation of G on a smooth vetor bundle E of onstant rank over X ,
that is, a homomorphism of Lie groupoids ̺ : G → GL(E) induing the identity on X .
We shall say that ̺ is eetive at x when the kernel of the indued isotropy representation
̺x : Gx → GL(Ex) is ineetive, i.e., ontained in Kerµx. We shall all ̺ eetive when it is
eetive at all x.
It is our purpose in this note to prove that every onneted proper Lie groupoid whose
orbits have odimension at most two admits an eetive representation (reall that a Lie
groupoid is said to be onneted when its orbit spae is a onneted topologial spae). We
will give a diret and rather ad ho onstrution whih on the one hand has the advantage
of showing that in some ases one an atually nd an eetive representation ̺ suh that
Ker ̺x is not larger than the onneted omponent of the identity in the group Gx for all x,
but on the other hand has the drawbak that it does not arry over to the situation where
G has innitely many onneted omponents. However, in view of the following example,
the onnetedness hypothesis appears justied to us at least in relation to the study of the
presentation problem desribed at the beginning:
1.1 Example Consider the bundle of nite groups over the disrete manifold N =
{0, 1, 2, . . .} whose isotropy group at n is the symmetri group Sn. For n > 6, the only
irreduible representations of Sn of rank less than n − 1 are the alternating and the trivial
one; ompare [3, Exerise 4.14, p. 50℄. Hene, although all representations of this groupoid
are eetive, none of them an be universal in the sense expressed by (2) above.
Let G ⇒ M be a (onneted) proper Lie groupoid. We shall let Mpr denote the set of
all base points x ∈ M suh that the whole isotropy group of G at x is ineetive, i.e., suh
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that Kerµx = Gx. From the expliit desription of µx given above it follows immediately that
Mpr is a G-invariant subset of M . Moreover, by the properness of G, Mpr must be open; this
is an obvious onsequene of the loal linearizability theorem for proper Lie groupoids [10,
Theorem 2.3℄. We shall denote by Gpr ⇒Mpr the Lie groupoid indued onMpr by restrition,
and all this the prinipal part of G. Our terminology here is in agreement with Bredon's [1,
IV.3 and espeially Theorem IV.3.2 (iii)℄.
Inidentally, we observe that Mpr must be dense in M . This follows immediately from
the loal linearizability theorem and [1, Theorem IV.3.1℄; for any linear slie i : V →֒ M ,
Mpr ∩ i(V ) must be relatively dense in i(V ).
Of ourse Gpr ⇒ Mpr is a regular proper Lie groupoid. Hene the isotropy bundle I (Gpr)
is an embedded submanifold of Gpr and, in fat, a loally trivial bundle of ompat Lie
groups over Mpr [6℄. Note that by the loal linearizability theorem and by [1, Theorem
IV.3.1℄ onnetedness of G implies onnetedness of Gpr, so the bres of I (Gpr)→ Mpr are all
isomorphi (as Lie groups).
1.2 Component representation Let K
s=t
−−→ M be any bundle of ompat Lie groups.
Suppose that all the isotropy groups of K are isomorphi to a xed ompat Lie group K.
Let π0(K), and, for eah x ∈ X , π0(Kx), denote the nite group obtained by fatoring out
the identity onneted omponent. Then there is a anonial representation of K on a vetor
bundle R ≡ RK over X , of rank equal to the order N of π0(K), to be alled the omponent
representation of K and to be denoted by ̺ ≡ ̺K, dened as follows.
For eah base point x ∈ X , let
Rx := C
0
(
π0(Kx),C
)
≈ CN (3)
be the vetor spae of all omplex funtions on π0(Kx). The loal triviality of K → X yields
an evident smooth vetor bundle struture on R =
∐
Rx → X . Let k ∈ Kx at on Rx by
right translation:
̺(k)(f) := f ◦ π0(τ
k) (4)
for all f : π0(Kx)→ C, where π0(τ
k) denotes the permutation of π0(Kx) indued by the right
translation dieomorphism h 7→ hk of Kx onto itself.
1.3 Lemma Let H ⇒ B be a onneted, prinipal, proper Lie groupoid. Suppose
that the orbit foliation of the base manifold B has odimension one. Then there exists a
representation η : H → GL(E) whih on the isotropy bundle I (H) → B indues, loally
up to isomorphism, the omponent representation ̺I (H).
Proof. Sine H⇒ B is a prinipal Lie groupoid, the orbit spae X = B/H endowed with
the evident funtional struture [1, VI.1℄ is a smooth manifold. In fat, any prinipal linear
slie S ⊂ B determines a C∞ parametrization of the open subset φ(S) of X via the quotient
projetion φ : B → X , hene by our assumptions X is one-dimensional. Moreover, sine H is
proper, X must be Hausdor.
Selet a sequene {Si}i=1,2,... of prinipal linear slies (Si ≃ R and H|Si ≃ H × R for some
ompat Lie group H) with B =
∞
∪
i=1
H·Si. For eah k put Bk :=
k
∪
i=1
H·Si. By rearranging the
sequene if neessary, we may assume Sk+1∩Bk 6= ∅ for all k (here we use the onnetedness
of H).
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Next, selet an invading sequene of open subsets . . . ⊂ Vp ⊂ V p ⊂ Vp+1 ⊂ . . . ⊂ B with
φ(V p) ompat. It is no loss of generality to assume Vp to be invariant. For eak k let p(k)
be the greatest p ≦ k suh that V p ⊂ Bk.
(Indution step.) Suppose a representation ηk : Hk → GL(Ek) as in the statement of the
lemma has been onstruted for Hk ≡ H|Bk . Put S ≡ Sk+1 and V ≡ Vp(k). By the initial
remarks, the intersetion S∩Bk has the form (−∞, a)∪(b,∞) or (a, b) in any parametrization
S ≃ R. It is then lear that we an nd open subsets Σ ⊂ S and U ⊂ Bk with V ⊂ U ,
V ∩ Σ = ∅, U ∪ (H · Σ) = Bk ∪ (H · S) suh that there is an isomorphism of representations
on U ∩ Σ between Ek and R. By a standard Morita equivalene argument, we obtain a
representation ηk+1 : Hk+1 → GL(Ek+1) whih still satises the indution hypothesis and
moreover is globally isomorphi to ηk over V .
Finally, dene the representation η on E to be the indutive limit of the partial represen-
tations ηk|Vp(k) on Ek|Vp(k). q.e.d.
Remark. The above proof makes essential use of the odimension = 1 hypothesis and of
the fat that the omponent representation is dened intrinsially in terms of the groupoid
struture.
Let G ⇒ M be a onneted, proper Lie groupoid. Assume that the orbits of G have
odimension at most two, in other words,
sup
m∈M
dim
(
TmM/TmOm
)
≦ 2. (5)
By the onnetedness of G, the dimension of the normal spae Nm = TmM/TmOm is the same
for allm ∈Mpr. We shall all the ommon dimension of these spaes the prinipal odimension
of G. The latter equals the dimension of the manifold Xpr :=Mpr/Gpr. (Observe that Xpr is
a dense open subspae of the orbit spae X =M/G.) We will now indiate how to obtain an
eetive representation for G in dierent ways aording to whether the prinipal odimension
of the groupoid equals zero, one or two.
(Prinipal odimension zero.) In this ase the singular set M ! := M \Mpr is empty and
G is transitive. Hene there atually is a faithful representation, by Morita equivalene to a
ompat Lie group.
(Prinipal odimension one.) Let m ∈M ! be a singular base point, and onsider any linear
slie R
d ≃ V ⊂M , G|V ≃ G⋉ R
d
at m for some let us say orthogonal ation G→ GL(Rd) of
the isotropy group G ≡ Gm. One then has the following possibilities:
(i) d = 1, and G→ O(R) = {±Id} is a nontrivial ation with orbits {±t} where t ∈ R;
(ii) d = 2, and G → O(2) := O(R2) is a spherial ation, i.e., one whose orbits are the
irles x2 + y2 = r2 with r ≧ 0;
from this remark it follows in partiular that X ! := X \Xpr is a disrete subset of the orbit
spae X = M/G, that is, all its points are isolated in X . Hene we an assign eah x ∈ X !
an open neighbourhood Ωx so that Ωx ∩ Ωx′ = ∅ for x 6= x
′ ∈ X !. Let us for eah x ∈ X !
x some m ≡ mx ∈ M
!
with x = φ(m), where φ : M → X denotes the projetion onto the
quotient, and some (orthogonal) linear slie V ≡ Vx at m with φ(V ) ⊂ Ωx.
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We ontend that for eah orthogonal ompat Lie group ation G→ O(Rd) as in (i) or (ii)
one an nd an eetive representation Φ : G⋉Rd → GL(C2N) (where C2N = Rd×C2N) suh
that its restrition to the isotropy bundle over (Rd)pr = Rd \ 0 is loally isomorphi to twie
the omponent representation. This is lear in the ase (i) (ompare Remark 1.4 below) and
shall be proved in the next setion for ations of type (ii). Taking for granted the existene
of suh representations, x one for eah linear slie Vx and name it Φx. Moreover hoose a
representation η : Gpr → GL(E) as in the statement of Lemma 1.3. Then there are invariant
open subsets U ⊂ Mpr and Bx ⊂ Vx suh that U ∪
⋃{
Ux : x ∈ X
!
}
=M , where Ux ≡ G ·Bx,
and U ∩ Ux = G · Σ for some Σ ≡ Σx ⊂ Vx of the form (a, b) × R
d−1 ⊂ Rd (a < b positive)
with Φx|Σ ≈ R
G|Σ ⊕ RG|Σ ≈ η|Σ ⊕ η|Σ as representations of G|Σ = I (G|Σ). Now, the usual
Morita equivalene tehniques allow one to glue together these representations into a global
representation whih has to be isomorphi to η ⊕ η on U and to Φx on Bx and therefore is
eetive.
(Prinipal odimension two.) In this ase the groupoid is regular, hene the result follows
immediately from [9, Corollary 4.12℄.
1.4 Remark: spherial orthogonal ations of rank one Let µ : G → O(1) = {±I}
be a rank-one orthogonal linear ation of a ompat Lie group G with spherial orbits {±t}.
Put K ≡ Kerµ. Clearly K = Gt for all t 6= 0, where Gt denotes the stabilizer at t. Also, the
onneted omponent of the identity in Gt and in G are the same; in symbols, (Gt)
(e) = G(e).
Hene it will be no loss of generality to assume that G is disrete.
Now let ̺G : G →֒ GL(RG) be the (right) regular representation of the (nite) group G.
One has RG = C 0(G,C) = C 0(K,C)⊕C 0(G \K,C) ≈ RK⊕RK equivariantly as K-modules.
The obvious extension Φ : G⋉ R→ GL
(
R× RG
)
of ̺G is then an eetive (in fat, faithful)
representation whose restrition to the isotropy subbundle over R \ 0 is isomorphi to twie
the omponent representation.
2 Spherial orthogonal ations on R
2
Let G be a ompat Lie group ating orthogonally and spherially on R2, in other words, let
a ontinuous homomorphism µ : G → O(2) = O(R2) be given suh that the orbits of the
orresponding ation G  R2 are the irles x2 + y2 = r2, r ≧ 0. Our goal in this setion is
to onstrut an eetive representation Φ : G ⋉ R2 → GL(C2N ) suh that its restrition to
the isotropy bundle over R
2 \ 0 is loally isomorphi to the diret sum of two opies of the
omponent representation. Clearly, it will be enough to nd a ontinuous homomorphism of
groups ϕ : G → GL(C2N ) suh that Kerϕ ⊂ K and suh that ϕ|G1 ≈ ̺
G1 ⊕ ̺G1 where G1
denotes the stabilizer subgroup at (1, 0) ∈ R2, for then Φ dened by
Φ(g, z) · (z, v) :=
(
µ(g)(z), ϕ(g)v
)
will have the desired properties.
We start with some remarks. Let G(e) denote the identity omponent of G and µ(e) :
G(e) → SO(2) the restrition of µ to G(e). Our rst remark is that G(e) ∩ K = G(e) ∩ G1
where K = Kerµ and G1 denotes the stabilizer at (1, 0) ∈ R
2
. Indeed, for every x ∈ G(e)
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the matrix µ(e)(x) ∈ SO(2) has no nonzero xed vetors unless x ∈ K. Next, we observe
that the omposite G1 ⊂ G → G/G
(e)
is a surjetive homomorphism of groups. Indeed,
if U is a onneted omponent of G and g0 ∈ U then g0
−1 · U = G(e), hene U · (1, 0) =
g0 ·G
(e) · (1, 0) = g0 · S
1 = S1 by spheriity and so there exists some g ∈ U with g · (1, 0) =
(1, 0), whih tells us that U ∩G1 6= ∅. From the rst remark it follows that (G1)
(e) ⊂ G(e)∩K
and therefore that (G1)
(e) =
(
G(e) ∩K
)
(e)
is a normal subgroup of G ontained in K. Hene
by fatoring out (G1)
(e)
we are redued to the speial ase where the stabilizer subgroup G1
is nite. This will be our assumption for the remainder of the setion.
By spheriity, the homomorphism µ(e) : G(e) → SO(2) = S1 must be surjetive. In
partiular, µ(e) must be nontrivial, hene submersive. The kernel Kerµ(e) = G(e) ∩ K =
G(e) ∩G1 is nite. It follows that µ
(e)
is a nite-sheeted overing of S1 and that G(e) is one-
dimensional. Let α : R → G(e) be the unique Lie group homomorphism suh that µ(e) ◦ α =
exp : R→ S1. Being surjetive, α indues an isomorphism of Lie groups S1 ≈ G(e). Thus the
subgroup C ≡ G(e) ∩K ⊂ G(e) must be yli. Let us pik a generator:
C = 〈c0〉 =
{
c0, c0
2, . . . , c0
q = e
}
(6)
where q = |C| is the order. Let H denote the kernel of the restrition µ|G1 : G1 → O(2), and
put H ′ ≡ G1 \H. We will now show that for eah g ∈ G1gxg−1 = x for all x ∈ G(e) if and only if g ∈ Hgxg−1 = x−1 for all x ∈ G(e) if and only if g ∈ H ′. (7)
To begin with, G(e) ≈ S1 implies Aut
(
G(e)
)
= {id , χ} where χ denotes the inversion x 7→ x−1.
Sine G(e) is normal in G, eah g ∈ G1 ats on G
(e)
by onjugation and thus indues an
automorphism cg ∈ Aut
(
G(e)
)
, hene either gxg−1 = x for all x ∈ G(e) or gxg−1 = x−1 for all
x ∈ G(e). Suppose rst g ∈ H . By denition of H , µ(g) =
(
1 0
0 1
)
. Therefore, if gxg−1 = x−1
∀x ∈ G(e) then µ(x)−1 = µ(x) ∀x ∈ G(e) and hene by onnetedness µ(x) =
(
1 0
0 1
)
∀x ∈ G(e)
whih ontradits the niteness of G(e) ∩K. Suppose on the other hand that g ∈ H ′. Then
µ(g) =
(
1 0
0 −1
)
. If one assumes that gxg−1 = x ∀x ∈ G(e) then one gets a ontradition as
before.
The indued representation µ|G1 : G1 → O(2) embeds into the diret sum of two opies of
the (real) regular representation R⊕ R ≡ RG1 ⊕RG1 as the two-dimensional submodule
T := T1 ⊕ T2 :=
〈 ∑
g∈G1
eg
〉
⊕
〈∑
h∈H
eh −
∑
h′∈H′
eh′
〉
⊂ R⊕R (8)
where eg denotes the standard basis vetor given by the funtion with value one at g ∈ G1
and zero everywhere else. Identify R ≡ C 0(G1,R) = L
2(G1,R) where G1 has the probability
Haar measure. The orthogonal omplement of the submodule (8) is then
Λ := Λ1 ⊕ Λ2 :=
{
f ∈ C 0(G1)
∣∣∣∣ ∑
g∈G1
f(g) = 0
}
⊕{
f ∈ C 0(G1)
∣∣∣∣ ∑
h∈H
f(h) =
∑
h′∈H′
f(h′)
}
⊂ R⊕ R (9)
where R = Ti ⊕ Λi (i = 1, 2). We now proeed to show how to extend the ation of G1 on Λ
to an ation of the whole group. (In the end we shall dene ϕ as the omplexied diret sum
of µ and this extended representation.) We distinguish two ases.
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2.1 The odd-order ase Suppose q = |C| = 2p+ 1 for some p ∈ N. Let us put N = |G1|
(reall that G1 is a nite group) and n = N − 1.
Choose an arbitrary orthonormal basis for the G1-submodule (9) Λ ⊂ R ⊕ R, and let
Π1 : G1 → O
(
2N − 2
)
= O(2n) be the orresponding orthogonal representation. Note that
N oinides with the rank of the G1-module R. We ontend that Π1 an be extended to a
ontinuous representation Π : G→ O(2n). Of ourse, we may assume n ≧ 1.
To begin with, we remark that Π1(C) ⊂ SO(2n). Indeed, on the one hand, from the
inlusion C = G(e) ∩K ⊂ K we dedue detµ(c) = det(id) = +1 for all c ∈ C. On the other
hand, from the identity (of G1-modules) T⊕ Λ = R⊕ R we obtain
detµ(c) detΠ1(c) = det
[
µ(c) 0
0 Π1(c)
]
= det
[
̺(c) 0
0 ̺(c)
]
=
[
det ̺(c)
]2
= +1
(beause ̺ : G1 → O(N) is orthogonal), so that, in fat, detΠ1(c) = +1 for all c ∈ C.
Let c0 be, as in (6), the seleted generator of the yli group C. Put P0 = Π1(c0) ∈
SO(2n). Then P0
q = I2n (identity 2n × 2n matrix). Every element of SO(2n) is onjugated
in SO(2n) to an element of the standard maximal torus T (n) onsisting of all blok-diagonal
matries of the form R(θ1, . . . , θn) := diag
(
R(θ1), . . . , R(θn)
)
, θ1, . . . , θn ∈ R, where R(θ)
denotes the 2 × 2 matrix
(
cos θ − sin θ
sin θ cos θ
)
∈ SO(2). Compare [2, Theorem (3.4)℄. Thus, at the
expense of replaing the representation Π1 by an orthogonally equivalent one, we may assume
that P0 = R(θ1, . . . , θn) for some real numbers −π ≦ θ1, . . . , θn < π.
We shall presently prove the existene of an extension Π : G→ O(2n) under the assump-
tion that −π < θ1, . . . , θn < π. This assumption is ertainly true when q is odd, beause of
the identity P0
q = I2n. By the previously notied surjetivity of the map G1 ⊂ G։ G/G
(e)
,
it will be enough to show that there is a ontinuous group homomorphism Υ : G(e) → SO(2n)
whih restrits to Π1 on C = G
(e) ∩G1 ⊂ G
(e)
and satises the equation
Υ
(
g1xg1
−1
)
= Π1(g1)Υ(x)Π1(g1)
−1
for all x ∈ G(e) and all g1 ∈ G1, (10)
for then we an dene Π(g) := Π1(g1)Υ(x) for all g = g1x ∈ G. In order to onstrut Υ,
we observe that by our assumption on θ1, . . . , θn and by Proposition A.1 in ombination with
Remark A.2 (see the appendix below) there exists a unique one-parameter subgroup
α : R→ SO(2n) with α(1) = R(θ1, . . . , θn) = P0 and ‖α˙(0)‖ < π, (11)
namely, t 7→ exp
[
tX(θ1, . . . , θn)
]
(the notations of the appendix are in use). As observed
above, for eah g1 ∈ G1 we must have g1xg1
−1 = x±1 for all x ∈ G(e), the sign ± depending
only on g1. Aordingly, α(1)
±1 = Π1(g1)α(1) Π1(g1)
−1
. Now, for eah orthogonal matrix
R ∈ O(2n) the urves t 7→ Rα(t)R−1 and t 7→ α(t)−1 dene one-parameter subgroups RαR−1
and α−1 in SO(2n) for whih the estimates ‖(RαR−1)′(0)‖ = ‖Ad(R) · α′(0)‖ ≦ ‖α′(0)‖ < π
and ‖(α−1)′(0)‖ = ‖−α′(0)‖ < π still hold, by Remark A.3. By the uniqueness argument
mentioned before, we see that α(t)±1 = Π1(g1)α(t) Π1(g1)
−1
for all t ∈ R.
2.2 The even-order ase Suppose q = |C| = 2p for some 1 ≦ p ∈ N. Dene N and n as
before. For eah g1 ∈ G1 dene the following subspae of R = C
0(G1)
Θg1 :=
{
f ∈ C 0(G1)
∣∣∣∣ q∑
i=1
f(g1c0
i) = 0, supp f ⊂ g1C
}
, (12)
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c0 being the hosen generator of the yli group C. Sine g1C ⊂ H when g1 ∈ H , and
g1C ⊂ H
′
when g1 ∈ H
′
, Θg1 is always a subspae of both Λ1 and Λ2 and hene so is
Θ :=
⊕
eg1∈G1/C
Θg1 ⊂ R. (13)
The dimension of Θ is [G1 : C](q − 1) = (N/q)(q − 1). The orthogonal omplement of Θi in
Λi (the notation Θi simply indiates that we regard Θ as a subspae of Λi) is the subspae
Θi
′ =
{
f ∈ Λi
∣∣f(g1) = f(g1c0) ∀g1 ∈ G1} (of dimension N/q − 1). Now,
(i) the generator c0 ∈ C xes eah Θg1 , hene in partiular the whole Θ, and ats as the
identity on the omplement Θi
′
; moreover,
(ii) for eah g, g1 ∈ G1 and every f ∈ C
0(G1) one has f ∈ Θg ⇔ g1 · f ∈ Θgg1−1 .
The seond property follows by (7) from the fat that g1 c0
i g1
−1 = c0
±i
, the sign being a plus
or a minus aording to whether g1 ∈ H or g1 ∈ H
′
.
Next let us onentrate on the ation of c0 on a single subspae Θg for g ∈ G1 xed. The
(−1)-eigenspae for the ation of c0 on Θg, namely
Λg := 〈λg〉 :=
〈
eg − egc0 + · · ·+ egc0q−2 − egc0q−1
〉
=
〈
q∑
i=1
(−1)iegc0i
〉
⊂ Θg, (14)
is one-dimensional. Note that sine q = 2p is even, the (−1)-eigenvetor λg ∈ Θg possesses
the axial symmetry λg(gc0
i) = λg(gc0
−i). Thus g1 · λg = λgg1−1 for all g, g1 ∈ G1. Write
down the orthogonal deomposition Θg = Λg ⊕ Λg
′
. It then follows that g1 ∈ G1 maps eah
omplement Λg
′
bijetively onto (Λgg1−1)
′
. Now, introdue the following vetors
λg1 := λg for eah g ∈ G1
λh2 := λh for eah h ∈ H
λh
′
2 := −λh′ for eah h
′ ∈ H ′.
(15)
From the identity g1 · λg = λgg1−1 above, and the fat that gg1
−1 ∈ H if and only if g
and g1 both belong to H or both belong to H
′
, we obtain the following transformation
rules: (a) g1 · λ
g
1 = λ
gg1−1
1 for all g, g1 ∈ G1; (b) h · λ
g
2 = λ
gh−1
2 for all h ∈ H , g ∈ G1;
(b
′
) h′ · λg2 = −λ
gh′−1
2 for all h
′ ∈ H ′, g ∈ G1. Put Λ
g
i :=
〈
λgi
〉
(i = 1, 2) and
Λg := Λg1 ⊕ Λ
g
2 ⊂ Λ. (16)
On this two-dimensional subspae of Λ we x the basis (λg1, 0), (0, λ
g
2).
We have the following deomposition of Λ into three G1-invariant diret summands
Λ =
[ ⊕
eg1∈G1/C
Λg1
]
⊕
[ ⊕
eg1∈G1/C
(
Λg1
′ ⊕ Λg1
′
) ]
⊕
[
Θ′1 ⊕Θ
′
2
]
. (17)
As in the preeding subsetion 2.1, we are given a representation Π1 : G1 → GL(Λ) (namely,
the G1-module Λ) whih we would like to extend to a ontinuous representation Π : G →
GL(Λ) of the whole G on the same vetor spae. Of ourse, to this end, we may deal with
eah diret summand in (17) separately.
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The right-hand summand in (17) is a trivial G1-module, so on that summand we may
extend Π1 by the trivial representation.
The mid summand falls into the ase already studied in Subsetion 2.1 beause it orre-
sponds to an orthogonal G1-ation in whih c0 ats with no −1 eigenvalue. By reasoning as
before one an obtain an extension on that summand by using the results of Appendix A.
As to the rst summand, let us all it W for brevity, we onstrut an extension diretly.
Dene a one-parameter subgroup α : R→ GL(W ) as follows:
α(t) :=
⊕
eg1∈G1/C
αg1(t) (18)
where αg1(t) ∈ GL(Λg1) is the linear map represented by the 2 × 2 matrix
(
cos t − sin t
sin t cos t
)
with
respet to the preferred basis (λg11 , 0), (0, λ
g1
2 ) of Λ
g1
. Note that the linear map αg1(t) is well-
dened, i.e., independent of the hoie of a representative g1 for the given oset g˜1 ∈ G1/C.
Indeed, λg1c0i = −λ
g1
i for i = 1, 2 so that the preferred basis assoiated with g1c0 is minus
the one assoiated with g1 and therefore the same matrix represents the same linear map.
Observe that α(π) = −id = Π1(c0)|W . As in Subsetion 2.1, we need to hek thatα(t) = Π1(h)α(t) Π1(h)−1 for all h ∈ Hα(t)−1 = Π1(h′)α(t) Π1(h′)−1 for all h′ ∈ H ′. (19)
For eah g1, g ∈ G1 the linear automorphism Π1(g)|W ∈ GL(W ) maps the subspae Λ
g1
onto the subspae Λg1g
−1
. On the other hand α(t) maps Λg1 and Λg1g
−1
into themselves by
onstrution. Thus we an hek the identities (19) for g = h, h′ in the preferred bases of
Λg1 and Λg1g
−1
. This is straightforward, in view of the transformation rules (a), (b) and (b
′
)
stated immediately after (15).
Appendix A: Computation of the exponential injetivity
radius for the lassial orthogonal linear groups
The Lie group G = SO(n) is semisimple for all n ≧ 3. In fat, Z
(
SO(2p − 1)
)
= {I} and
Z
(
SO(2p)
)
= {±I} for all p ≧ 2. Compare [2, Remark (3.14) p. 201℄, and [3, p. 102℄. Thus
LazardTits' riterion [5, Théorème (2.1)℄, whih requires the onneted omponent of the
entre Z0(G) to be simply onneted, an be applied when G = SO(n).
The Lie algebra g = so(n) is given by the n × n skew-symmetri real matries X ∈
Matn×n(R),
tX = −X , the Lie braket being the usual antiommutator [X, Y ] = XY − Y X .
Now make the identiation Matn×n(R) = End(R
n), put the eulidean norm on Rn, and let
‖X‖ denote the usual operator norm on End(Rn). Sine for this norm one has the inequality
‖XY ‖ ≦ ‖X‖ ‖Y ‖, one obtains the following estimate for the Lie braket∥∥[X, Y ]∥∥ ≦ 2 ‖X‖ ‖Y ‖ . (20)
We will see that the fator two here is atually the norm of the bilinear form (X, Y ) 7→ [X, Y ],
in other words (20) is the best estimate possible. If we put |X| := 2 ‖X‖, the inequality (20)
implies that the latter norm (on the Lie algebra g) is admissible, i.e. satises∣∣[X, Y ]∣∣ ≦ |X| |Y | . (21)
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It then follows from [5, Théorème (2.1)℄ that the exponential mapping X 7→ exp(X) =
I +X +X2/2 + · · · from the Lie algebra g = so(n) into the respetive Lie group G = SO(n)
is injetive on the open ball {X ∈ g : |X| < π} = {X ∈ g : ‖X‖ < π/2}. It is the
goal of the present appendix to show that the injetivity radius of the exponential mapping
exp : so(n)→ SO(n) is atually twie as muh:
A.1 Proposition The injetivity radius of the exponential mapping, with respet to
the admissible norm |X| = 2 ‖X‖ on the Lie algebra g = so(n) of the speial orthogonal
group G = SO(n), is exatly 2π.
Equivalently, the injetivity radius of the exponential mapping with respet to the operator
norm ‖X‖ on g is exatly π. This is atually the best we an hope for, in view of the rst of
the following two remarks (whih we will need in the proof of the Proposition):
A.2 Remark The skew-symmetri 2 × 2 matrix X(θ) =
(
0 −θ
θ 0
)
exponentiates to R(θ) =(
cos θ − sin θ
sin θ cos θ
)
. More generally, the skew-symmetri 2n× 2n matrix
X(θ1, . . . , θn) =
X(θ1) · · · 0..
.
.
.
.
.
.
.
0 · · · X(θn)
 exponentiates to
R(θ1) · · · 0..
.
.
.
.
.
.
.
0 · · · R(θn)
 .
Note that ‖X(θ1, . . . , θn)‖ = max
i=1,...,n
|θi|.
A.3 Remark The orthogonal matries R ∈ O(n), R · tR = I at on the Lie algebra
so(n) by X 7→ RXR−1. In fat, RXR−1 = Ad(R) ·X is preisely the adjoint representation
Ad : O(n) → GL
(
so(n)
)
. Notie that eah orthogonal matrix R ∈ O(n) preserves the
eulidean distane as an operator ∈ End(Rn) and therefore ‖R‖ = ‖tR‖ = 1. It follows that
‖Ad(R) ·X‖ = ‖R ·X · tR‖ ≦ ‖R‖2 ‖X‖ = ‖X‖ . (22)
Hene for eah R ∈ O(n) the adjoint automorphism Ad(R) on g = so(n) maps the open ball
B(0, r) ⊂ g of radius r > 0 into itself. The same remark applies of ourse to the other norm:
|Ad(R)(X)| ≦ |X| for all X ∈ g, R ∈ O(n).
Proof of Proposition A.1. For simpliity we shall assume that is n even, as this is the
only ase of pratial interest for us. (There are obvious modiations for n odd.) So, let
X, Y ∈ g = so(2n) be given with |X| , |Y | < 2π, and suppose exp(X) = exp(Y ) ∈ SO(2n).
Sine the norm ‖X‖ on g is admissible, it follows from [5, Lemme (6.1)℄ that [X, Y ] = 0.
Therefore, the linear subspae Span{X, Y } is an abelian subalgebra of g and hene there is a
maximal abelian subalgebra t ⊂ g suh that X, Y ∈ t. Let T = exp(t) be the maximal torus
in SO(2n) orresponding to this maximal abelian subalgebra. The one-parameter subgroups
αX :=
{
t 7→ exp(tX)
}
and αY are ontained in the maximal torus T . Sine all maximal tori
in a onneted ompat Lie group are onjugated to eah other [2, Theorem (1.6) p. 159, and
p. 5℄, there will be an element g0 ∈ SO(2n) with g0Tg0
−1 = T (n), where T (n) denotes the
standard torus in SO(2n) onsisting of all blok-diagonal matries of the form R(θ1, . . . , θn).
Sine by Remark A.3 the linear automorphism Ad(g0) ∈ GL(g) maps the open ball B(0, 2π)
into itself, if we put X0 = Ad(g0)(X) and Y0 = Ad(g0)(Y ) then we still have |X0| , |Y0| < 2π.
Clearly, X = Y if and only if X0 = Y0.
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Now, the one-parameter subgroups αX0 = g0αXg0
−1
and αY0 = g0αY g0
−1
(reall that by
the naturality of the exponential mapping one has
exp
(
Ad(g0) ·X
)
= g0 expX g0
−1
,
ompare [2, (3.2) p. 23℄ for instane) are ontained in the torus T (n), and ‖X0‖ , ‖Y0‖ < π.
From Remark A.2 it follows that X0 = Y0 and hene that X = Y . q.e.d.
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